A numerical method for solving 1-D time-independent Hamilton-Jacobi-Bellman equations, which are referred to as 1-D HJBEs, is presented and applied to test cases for assessing its computational performance. An HJBE in this paper is a nonconservative second-order ordinary differential equation having linear diffusion and nonlinear drift terms. This paper applies a regularization method to the drift coefficient of the HJBEs, which helps well-pose the boundary value problems of the equations in the classical sense. A mathematical analysis on consistency errors between the solutions to the original and regularized HJBEs is performed. The derived results of the analysis show that the regularization method is mathematically consistent. The regularized HJBEs are solved with a Petrov-Galerkin finite element scheme, which is referred to as the PGFE scheme. The scheme is based on the fitting technique and is unconditionally stable for linear problems. Application of the scheme with the regularization method to the HJBEs with bounded drift coefficients demonstrates its satisfactory high computational accuracy. The optimal regularization parameter value as a function of the element size is then numerically identified. The computational results show that the PGFE scheme without the regularization method would fail to accurately capture solution profiles even if thousands of elements are used, which is not the case for the scheme with the regularization method even with hundreds of elements. Impacts of incorporating an adaptive re-meshing method, which is the moving mesh partial differential equation method, into the PGFE scheme are also assessed, demonstrating that it can enhance robustness of the scheme with regularization.
INTRODUCTION
Optimization problems of stochastic dynamical systems, such as extracting surface and ground water resources 1) , managing water quality indices in water bodies 2) , and assessing movements of robots and organisms in fluids 3), 4) , can be formulated with the mathematical concept of stochastic control 5) . Solving a stochastic control problem ultimately reduces to finding a solution to a Hamilton-Jacobi-Bellman equation (HJBE) 5) , which is a nonlinear and nonconservative parabolic or elliptic differential equation. Analytical solutions to HJBEs are available only for limited number of cases 5) . Their solutions have therefore been numerically approximated in applications. As the HJBEs are nonconservative differential equations, finite element 1), 6) , finite difference 7) , 8) , and semi-Lagrangian schemes 9), 10) have been used for their numerical resolution. Solutions to some HJBEs encountered in scientific and engineering applications comply with maximum principles 11) , 12) . Their numerical counterparts should possess analogous properties, such as the discrete maximum principles 13 ), 14) . It is therefore desirable to use an unconditionally stable numerical method for ensuring reliability of the numerical solutions.
Some researchers found that an appropriate regularization method is necessary for accurately computing numerical solutions to nonlinear PDEs having regularity deficits, such as the advection equations 15) , degenerate diffusion equations 16 ), 17) , turbulence models 18) , 19) , and non-conservative parabolic differential equations associated with stochastic process models 20) , 21) . The authors applied a regularization method to the 1-D HJBE governing optimal migration strategy of individual fishes 4), 22) . Their computational results implied that numerical solutions to the HJBEs could be reasonably computed with the help of a regularization method even using relatively coarse computational meshes 22) ; however, their rigorous mathematical analysis and detailed assessment of computational performance have not been performed so far, which is a main motivation of this paper.
Solutions to nonlinear differential equations often involve sharp transitions that unconditionally stable numerical schemes cannot always capture because they do not in general perform high computational accuracy 23 ), 24) . Numerically approximating solutions to HJBEs would encounter similar computational issues 4), 22) . Such issues can be overcome with adaptive re-meshing techniques that employ fine numerical resolution where solutions have sharp transitions 25) , 26) . One of the adaptive re-meshing techniques that have successfully been used for nonlinear PDEs is the moving mesh partial differential equation (MMPDE) method 27) . Application range of the method is quite wide, ranging from 1-D single PDEs 28) , 29) to multi-dimensional system of PDEs 30), 31) . The MMPDE method solves a parabolic PDE controlling mesh resolution in addition to the equation to be solved 32), 33) , and does not modify the mesh topology, such as linkage of nodes and elements.
The main purpose of this paper is to examine a regularization method and an MMPDE method for numerically approximating solutions to 1-D HJBEs, focusing in particular on that governing a dynamic energy-minimizing migration strategy of individual fishes 4) as a model problem. The HJBEs in this paper have linear diffusion and nonlinear drift terms. Consistency error between true and regularized solutions to the 1-D HJBEs is estimated both theoretically and numerically; the latter is performed with a Petrov-Galerkin finite element (PGFE) 34 ), 35) . Numerical analysis on the PGFE scheme with the regularization method and the MMPDE method is performed for assessing their computational performance. Their applicability to engineering problems is also discussed.
The remainder of this paper is organized as follows. Section 2 presents the 1-D HJBE. Section 3 proposes the regularization method and performs its mathematical analysis. Section 4 briefly explains the PGFE scheme. Section 5 performs numerical analysis on the scheme. Section 6 concludes this paper. Appendix contains supplement information not presented in the main text.
In this paper, C represents generic positive constants that do not depend on the regularization parameter K , which is rigorously defined later. The norm of a function g in the functional space H is denoted by H g .
MATHEMATICAL MODEL (1) Hamilton-Jacobi-Bellman equation
An HJBE governs a value function subject to a controlled dynamical system represented by a stochastic differential equation (SDE) 5) . An HJBE is a nonconservative parabolic or elliptic differential equation whose spatial dimension equals the degree of freedom of the system. For a stochastic control problem of an autonomous system with a time-independent value function, the HJBE is an elliptic differential equation. For a system with one degree of freedom, the HJBE reduces to an ordinary differential equation subject to boundary conditions. The domain of an HJBE is identified with the range of dependent variables of the system: a 1-D interval for the one-degree case.
This paper considers the time-independent HJBE
subject to a Dirichlet boundary condition where x is the 1-D coordinate,
with q  is the drift coefficient, and
represents source terms independent of the solution v . Eq.(1) represents a class of simplest 1-D HJBE encountered in scientific and engineering applications. The Eikonal equations 36), 37) governing weighted shortest path from the domain boundary are such examples. The HJBE governing a dynamic energy-minimizing migration strategy of individual fishes in open channels is another such example 4), 38) . Hereafter, the drift coefficient and   0 vL , which is the simplest case in applications 4) . The HJBE in this case governs an energy-minimizing migration velocity
with the uniform flow velocity V . The constant P serves as the profit of the fishes gained at the upstream-end 0 x  where a habitat or a spawning site of fishes exists. The migration velocity
which leads to the optimal ground velocity of fishes
Eq.(4) leads to that the ground velocity g V is toward the upstream-end
which is true if 4) /2 Q P VL  .
A numerical method applied to the HJBE(1) under more realistic conditions should be able to accurately solve this model problem since it is the simplest case.
In practice, the Péclet number Pe / VL D  would be significantly larger than 1 as in the cases of advection-dispersion phenomena of solute. The condition Pe 10  is assumed, which may be small for assuming this consideration but is sufficiently large for demonstrating the computational difficulty.
A classical analytical solution to this problem is available 4) and are plotted in Fig. 1 . The PGFE scheme 34), 35) , which is briefly explained in section 4, is applied to solving Eq. (1) Fig. 3 for 4 Q  shows that the numerical solutions significantly deviate from the analytical solution, although they rigorously satisfy the discrete maximum principle. The numerical solution with the coarse mesh has a spurious flat profile except for near the boundary 0 x  . According to Eq.(5), this phenomenon means absence of the upstream migration of fishes ( g 0 V  ), which is inconsistent with the analytical solution 4) . Empirically, this phenomenon occurs for 3.5 Q  and becomes I_151 more significant as Pe or Q increases. Conventional numerical schemes, such as the first-order fully upwind FD schemes, suffer from the same issue. This phenomenon arises for smaller value of Q with coarser computational mesh. The conventional central schemes fail due to highly advective nature of the solution, which is prominent near xL  in particular. Similar or more serious computational issues would be encountered for problems that are more complicated.
(3) Possible causes of computational inaccuracy
One possible cause of the above-presented issue is nonlinearity and unboundedness of the drift coefficient b , which cause the sharp transition of the solution v near the boundary xL  . In addition, the nonlinearity and unboundedness of the drift coefficient b does not always guarantee well-posedness of the problem because of regularity deficits 39) . The available classical analytical solution 4) is an exceptional case. We conjectured that application of an appropriate regularization method to the drift coefficient b that artificially bounds it may overcome this issue. Although this is a heuristic consideration, section 4 demonstrates that regularizing the drift coefficient b significantly improves computational performance of the PGFE scheme.
REGULARIZATION METHOD
The regularization method for the drift coefficient b of the HJBE(1) is presented. Mathematical analysis on the method is also performed for theoretically estimating consistency errors between solutions to the original and regularized HJBEs.
(1) Regularization kernel
The regularization kernel, which is applied to the
in the drift coefficient b of the HJBE (1) 
for all q  . Eq. (7) leads to 
for bounded q . This is because defining the univariate function
yields the estimate
Eq. (13) (2) Regularized HJBE The regularized HJBE is defined with the regularization kernel 
Eq. (16) is expressed with Eq. (2) as
The only difference between the original and the regularized HJBEs is their drift coefficients. The drift coefficient , Ka b , unlike the original counterpart b , is bounded for fixed K and a . This is because
for bounded K . In addition, the drift coefficients 
for bounded q  . This is proven as follows. For a 0 q  , a direct calculation yields 39) , the regularized HJBE(15) has a unique classical solution. Naively, it is expected to approach the solution to the original HJBE(1) as the value of K increases (equivalently, as regularization becomes weak). Role of the parameter a is mathematically analyzed in the following sub-sections. The next sub-section gives theoretical estimates of consistency errors between solutions to the original and regularized HJBEs, which demonstrate consistency of the present regularization method.
(3) Consistency error analysis
The abbreviations
, and ,,
are used in this subsection for the sake of brevity. The HJBEs (1) and (15) , , ,
is thus assumed to be true. The equality
directly follows from Eqs. (1) 
in the domain  . The first condition follows from an elliptic maximum principle of the regularized HJBE, namely its solution in  is monotonically decreasing in x . By Eqs. (23) and (25), the inequality
is deduced. Note that the equality
22
holds. Eq. (26) with Eq.(27) leads to 
The function F is bounded in x because of an elliptic maximum principle of the original and regularized HJBEs, which gives the inequality 
at each x , leading to the consistency error
Eq. (37) 
Assume that the parameter K is effectively scaled as 
NUMERICAL METHOD (1) Petrov-Galerkin finite element scheme
The PGFE scheme used in this paper is a conforming FE scheme based on the fitting technique, in which both the trial and test functions are determined from analytical solutions to local two-point boundary value problems. Spatial and temporal discretization procedures of the PGFE scheme are presented in the literatures 34) , 35) , and are therefore not presented here. For time-independent linear problems, numerical solutions with the PGFE scheme guarantee the el-I_154 liptic discrete maximum principle. In addition, the numerical solutions satisfy the uniform convergence toward the corresponding exact solutions with respect to the diffusion coefficient D if the other known functions are sufficiently regular, which cannot be achieved in most of the conventional numerical schemes 35 ), 40), 41) . Computational accuracy of the PGFE scheme for linear problems has been verified in detail, and theoretical and numerical analyses indicated that its computational accuracy in space is at least first order in the L  -sense at each node. In this paper, each numerical solution is computed with a pseudo temporal integration method inspired from an artificial compressibility method in the continuity equation of incompressible hydrodynamic models 42) . In addition to the above-mentioned PGFE scheme, there exist a number of FE schemes of the Petrov-Galerkin type; such numerical schemes can be broadly categorized into those with high-order computational accuracy while not always spatially monotone 43) , 44) , those with low-order computational accuracy due to the fully upwind nature subject to larger numerical diffusion coefficient 40) , or those numerically equivalent with the PGFE scheme 45 ), 46) . The present HJBE is nonlinear and its solution derivative determines both magnitude and direction of the optimal swimming velocity of individual fishes, which is an ecologically important quantity. Its numerical computation thus requires accurate resolution of both the solution and its derivative, which is also true for generic HJBEs in other applications. The non-monotonic schemes, which would inaccurately compute the derivative, should therefore not be used for solving HJBEs. It has been checked that the present and lower accurate scheme give not significantly different computational results for the present HJBE because of the strong advection effect. This paper therefore focuses solely on numerical analysis on the PGFE scheme.
(2) Adaptive re-meshing method
An adaptive re-meshing method, which is referred to as the MMPDE method, is introduced in this paper. Details of the method are presented in the literatures 27), 43) , and are therefore briefly explained in this paper. The MMPDE method used in this paper is their time-independent counterpart. In the present MMPDE method, each computational node is adaptively moved according to the monitor function M , which serves as a measure of computational errors. Using appropriate monitor functions can control length of each element so that sharp transitions of solution profiles are effectively resolved. where  and  are positive constants, both of which are set as 10 -7 in this paper; the former has been tuned so that numerical stability is maintained throughout computation and the latter is used simply for avoiding division by zero.
The derivative d d v x
of v appearing in Eq. (43) is evaluated in each element. In each computation with the MMPDE method, an HJBE and Eq.(42) are simultaneously discretized for obtaining converged numerical steady solutions of v and x . Using smaller  leads to smaller elements at the areas where the solution v has sharp transitions; however, degradation of computational efficiency in the iterative computation step would occur due to highly varying monitor functions M in space. This issue is not focused on in this paper, but will be investigated in future researches. For the computational cases presented in the later section, using the MMPDE almost doubles computation time.
APPLICATIONS
The PGFE scheme is applied to the 1-D HJBE governing the migration of individual fishes focused on in section 2. The regularization parameter K is assumed to be normalized by the constant V . This sub-section assumes /3 Q P VL  that cover the cases with 3.5 Q  where spurious numerical solutions have been obtained. , which minimizes the nodal 2 L -error 2 e between true and regularized numerical solutions, is identified with a sensitivity equation-based technique 44) explained in Appendix.
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The domain  is uniformly divided into a computational mesh with 200, 400, or 800 elements. In Fig. 6 , the errors 2 e with 400 elements are larger than those with 200 elements for 3.5 Q  . This phenomenon implies that regularizing the drift coefficient does not always effectively work for relatively small Q , which was also implied from the results presented in Figs. 4 and 5 as pointed out at the end of the previous paragraph. However, the errors 2 e in these cases are still at the order of    . The numerical solutions are monotonically increasing in K at each point x  . Fig. 8 indicates that using too large or too small K would give inaccurate numerical solutions, implying that robustness of the regularization method should be enhanced.
Impacts of incorporating the MMPDE method into the PGFE scheme on its robustness are finally assessed. Fig. 9 compares the regularized numerical solution with 100 uniform elements ( 
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non-regularized numerical solution with 2,000 uniform elements ( K   ), regularized numerical solution using the MMPDE with 100 uniform elements ( 900 K  ), and the analytical solution for 6 Q  and Pe 10  . The computational results in Fig. 9 indicate an advantage of using the MMPDE method in solving the HJBE, allowing larger value of the regularization parameter K (weaker regularization effect) for computing numerical solutions without spurious profiles. Incorporating the MMPDE into the present numerical method thus enhances its robustness, which can potentially improve computational accuracy of regularized numerical solutions with relatively large Numerical solutions based on the MMPDE method without the regularization method are not significantly more accurate than those without both of the methods as presented in Fig.10 , indicating importance of regularizing the drift coefficient.
(3) Remarks on the numerical method
Theoretical aspects of the present numerical method have mainly been dealt with in this paper. This sub-section discusses advantages and disadvantages of the numerical method.
A remarkable advantage of using the present regularization method is that it can be easily implemented into a variety of numerical methods for solving the HJBEs in scientific and engineering applications, because it only modifies the drift coefficient. It is potentially applicable to real problems where the known functions, and initial and boundary conditions have lower regularity than those considered in this paper. Realizing the regularization method in a computer program does not encounter technical difficulties.
In some engineering applications, such as analyzing migration of individual fishes in river and canal networks 4), 38) , 1-D HJBEs have to be numerically solved on connected graphs. A connected graph consists of a number of 1-D reaches glued via 0-D junctions. In such a case, the present PGFE scheme with the regularization method and the MMPDE method can be directly used if appropriate internal boundary conditions are specified at junctions. Implementing the regularization method to the existing multi-dimensional numerical schemes 1), 45) is also straightforward. However, its performance may depend on the problems to be solved and on numerical methods used in computation. It has been numerically checked that the present regularization method also effectively works for a horizontally 2-D counterpart of the HJBE governing migration of individual fishes around hydraulic structures.
A disadvantage of using the present numerical method is the lack of criteria for determining the parameter K for the problems that are more complicated than that considered in this paper, such as the problems with spatially varying known functions and unsteady problems. A possible extension of the present regularization method to such problems is considering the regularization parameter K as a mesh-and/or solution-dependent parameter. This remains as a research topic to be addressed in future. 
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CONCLUSIONS
A PGFE scheme with a regularization method for numerically solving 1-D time-independent HJBEs was presented. Theoretical consistency errors between the true and regularized solutions were derived, demonstrating mathematical consistency of the present regularization method. The optimal regularization parameter opt KK  for each fixed computational mesh was identified by minimizing the 2 L -error using a sensitivity equation-based numerical technique. The PGFE scheme with the parameter opt K successfully computed numerical solutions to the HJBEs with the unbounded drift coefficient. The identified parameter opt K was inversely proportional to the element size x  , which serves as an admissible parameterization according to the results of the theoretical analysis in this paper. The computational results using the MMPDE method indicated that it could enhance robustness of the present numerical method, widening the acceptable range of the regularization parameter K for computing accurate numerical solutions without spurious profiles.
In conclusion, this paper demonstrated that the present numerical method serves as an effective tool for solving the 1-D HJBEs with the unbounded drift coefficient. Future researches will address further mathematical analysis on the regularization method under weaker assumption: namely, consistency error analysis in the context of weak solutions. Other issues to be addressed include assessing impacts of the regularization method on performance of higher-order numerical methods, which would lead to different scaling of the parameter opt K as the element size x  . Applicability and limitation of the present regularization method to the HJBEs with stronger nonlinearity and those under conditions that are more realistic will also be investigated in future researches.
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APPENDIX Numerical Optimization Method
The sensitivity equation-based numerical optimization method for identifying the parameter value The values of and are empirically set as and in this paper. Choosing smaller and does not significantly affect the presented results.
